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CMOS Design of Chaotic Oscillators Using 
State Variables: A Monolithic Chua’s Circuit 
Angel Rodriguez-Vizquez, Member, IEEE, and Manuel Delgado-Restituto 
Abstract-This paper presents design considerations for mono- 
lithic implementation of piecewise-linear (PWL) dynamic systems 
in CMOS technology. Starting from a review of available CMOS 
circuit primitives and their respective merits and drawbacks, the 
paper proposes a synthesis approach for PWL dynamic systems, 
based on state-variable methods, and identifies the associated 
analog operators. The GmC approach, combining quasi-linear 
VCCS’s, PWL VCCS’s, and capacitors is then explored regarding 
the implementation of these operators. CMOS basic building 
blocks for the realization of the quasi-linear VCCS’s and PWL 
VCCS’s are presented and applied to design a Chua’s circuit 
IC. The influence of GmC parasitics on the performance of 
dynamic PWL systems is illustrated through this example. Mea- 
sured chaotic attractors from a Chua’s circuit prototype are 
given. The prototype has been fabricated in a 2.4-pm douhle- 
poly 71-well CMOS technology, and occupies 0.35 mm’, with a 
power consumption of 1.6 mW for a &2.5-V symmetric supply. 
Measurements show bifurcation toward a double-scroll Chua’s 
attractor by changing a bias current. 
I.  INTRODUCTION 
URING THE last decade, the possibility to engineer D electronic circuits that display controllable, deterministic 
chaos has drawn research attention (see, e.g., [ I ] ,  [2]). A 
primary motive for this interest is the fact that circuits pro- 
vide the simplest vehicles for the experimental observation 
of chaotic phenomena (instead of only through computer 
simulation), which render them very useful academic tools. 
However, chaotic circuits are more than just academic toys; 
they are exploitable for industrial applications. For instance, 
the inherent unpredictability of deterministic chaos has been 
used to design improved white and colored noise generators 
[3]-[6], as well as for the generation of secure random 
number time-series [7], [SI. The randomness of chaos has also 
proved useful to improve the noise performance of switched- 
capacitor sigma-delta modulators, making these circuits op- 
erate in chaotic regime [9], [IO].  Chaotic circuits also exhibit 
potential applications in nonlinear signal processing and neural 
computation. On one hand, the inherent robustness of chaotic 
synchronization can be exploited for signal encryption and 
secure communications [ 1 1 I-[ 131. On the other hand, the 
fact that chaos has been identified to be behind the sensory 
information processing performed by natural nervous systems 
[ 141, [ 151, motivates looking for artificial neural network 
paradigms based upon chaotic neurons, in an attempt to better 
emulate living beings [ 161, [ 171. 
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In today’s applied electronics, the term “circuits” is mainly 
synonymous with microelectronic circuits. Economic reasons 
dictate the convenience of having all component parts of 
electronic systems integrated on common silicon substrates 
instead of breadboarded by using off-the-shelf components. 
Monolithic integration becomes a must for applications requir- 
ing large-scale circuits, e.g., artificial neural networks. In this 
scenario, and before the potentials of chaotic circuits can be 
exploited into future marketable instrumentation, communica- 
tion, and computing systems, it must first be demonstrated that 
chaos can be generated in a controllable and robust form by 
using monolithic circuits, preferably by using standard VLSI 
technologies. This is the basic objective of this paper, which 
focuses on CMOS technology. 
A first step in CMOS chaotic oscillator design is to select 
a realizable mathematical model. Two different possibilities 
arise at this level: 
1) discrete-time systems, described by finite-difference 
2) continuous-time systems, described by ordinary differ- 
FDE-based systems have already been demonstrated in the 
monolithic CMOS arena, using switched-capacitors [4] and 
switched-currents [ 181. Although these circuits are very simple 
and robust, their sampled-data nature restricts the maximum 
frequency attainable, because of the need to guarantee that 
the circuit evolve into steady state for each clock interval. 
This inherent performance limitation, together with functional 
limitations of FDE-based chaotic systems as compared to 
ODE-based ones (for instance, to our best knowledge, secure 
communication has not yet been demonstrated for discrete- 
time systems), move us to focus on ODE-based chaotic 
oscillators. 
This paper presents a methodology for CMOS design of 
ODE-based dynamic systems with piecewise-linear (PWL) 
nonlinearities. This methodology is illustrated via the real- 
ization of a monolithic version of the Chua’s circuit in a 
2.4-p m 76-well CMOS technology. The Chua’s circuit, whose 
discrete version is depicted in Fig. 1,’  is worth considering 
as a demonstration vehicle for several reasons. First, it is the 
equations (FDE’s) 
ential equations (ODE’S). 
’ The Chua’s circuit con5ists of four pussive linear elements (one inductor, 
two cupucirors, and one rrsisror) and one active nonlinear element (the Chua’s 
diode) whose global driving-point characteristics are displayed in Fig. 1 (b). 
In these characteristics, the region of interest for chaos generation is the inner 
one, drawn with solid lines. It has been shown that functions of similar but 
smoother shape than PWL qualify for chaos generation as well. The outer 
pieces, drawn with dashed lines in Fig. I(b), are due to nonidealities in 
electronic implementations of the Chua’s diode [ 191. 
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(a) (b) 
Fig. I .  (a) Chua’s circuit. (b)  Scaled Chua’s diode nonlinearity. 
simplest ODE-based chaotic autonomous circuit; it has been 
extensively studied, and its dynamics are well understood [2]. 
Besides, its implementation as an IC is challenging because 
of the lack of monolithic inductors, the large tolerances of 
monolithic passive and active components, and the large area 
penalty of IC passive resistors. Last, but not least, the Chua’s 
circuit exhibits interesting features for signal encryption and 
secure communications [ 131, as well as reproducing wave 
propagation phenomena with potential application in image 
processing [20]. 
We have intended to write a survey paper, useful for a 
broad scope of readers. Section I1 is tailored to the needs 
of those readers with scarce previous experience in MOS 
IC design. Based on our conviction that electrical circuit 
design (in monolithic as well as discrete form) must rely on 
knowledge of the catalog of available components, this section 
surveys the basic CMOS passive and active primitives and 
their respective merits and drawbacks. Section 111 presents a 
general architecture to synthesize nonlinear dynamic systems, 
representing them via a state equation in normal form. We 
identify the basic analog operators required, survey two basic 
integrator concepts, and introduce a number of operators for 
PWL synthesis. Sections IV and V present CMOS circuit 
blocks for the state variable architecture: linear (Section IV) 
and nonlinear (Section V). We focus only on GmC circuits, 
based on transconductors, and cover basic circuit schematics 
together with a discussion of dominant nonidealities and some 
more advanced circuit strategies. Finally, Section VI is devoted 
to present design and measurements from a monolithic Chua’s 
circuit in a 2.4-pm CMOS r~-we11 double-poly double-metal 
technology. 
11. CMOS PRIMITIVE COMPONENTS 
Monolithic implementation of the Chua’s circuit, and in 
general of any ODE-based chaotic system, raises design issues 
similar to those encountered for analog filters or oscillators. 
One major issue arising is the reduced number of available 
components, much small than those available for discrete 
design techniques. For instance, the poor quality factor (due 
to ohmic losses) and large area occupation of IC-compatible 
inductors [23] render this component useless, except for fre- 
quencies in the GHz range. Thus, inductors are usually avoided 
for lower signal frequencies as required for instrumentation, 
audio, data recovery, and video applications. Likewise. the 
catalog of available active components is limited. Thus, in 
CMOS technologies, basically, there are only MOSFET’s (n- 
channel and p-channel); other active devices cannot be used 
for CMOS monolithic realization.* 
The useful range of component values is also much more 
reduced for monolithic circuits than for discrete circuits. 
Monolithic element values are determined by sizes and shapes 
of corresponding physical components, so that as a general 
rule, large element values imply large area occupation and 
large parasitics. Consequently, the spreading of component 
values into a given circuit must be kept as small as possible 
to reduce total area occupation and equalize parasitics. 
The very poor absolute accuracy of integrable components 
is another important problem confronted by designers. Typical 
tolerance margins are about 20%, with large influence of tem- 
perature and aging, and, in many cases, large nonlinearities. On 
the contrary, tolerance of ratios between similar components 
is much smaller (as low as 0.1% [26]), and the same situation 
is encountered in the influence of temperature, aging, or even 
nonlinearities.’ Consequently, monolithic circuit design tech- 
niques should rely on component ratios (capacitor, resistor, or 
transistor ratios), instead of on absolute component values, 
and should try to exploit simple schemes for nonlinearity 
cancellation. Following this approach, many design problems 
are reduced to guaranteeing that ratioed components remain 
matched to proper levels in spite of random perturbations 
during the IC fabrication process. This is again strongly depen- 
dent on component sizes and shapes-matching increases by 
increasing component sizes and by making ratioed components 
have homogeneous shapes [28], [29]. 
Fig. 2(a) shows a tridimensional view of an n-channel 
MOSFET, and Fig. 2(b) and (c) shows 2-D sections along 
(Fig. 2(b)) and across (Fig. 2(c)) the channel: respectively. 
For convenience, Fig. 2(a) includes an NMOST symbol and 
associated voltages, referring to the substrate, and current. In 
most common TL-well CMOS technologies, NMOS transistors 
are directly fabricated on the global p-type substrate as shown 
in Fig. 2, whereas PMOS transistors are made on local n- 
type substrate areas called wells that have been created on the 
global substrate via a local diffusion-implantation process. 
Fig. 2 contains two resistive layers available in CMOS n- 
well technologies: polysilicon layer and N+-diffusion layer. 
These layers can be used to take transistor terminal voltages 
to other points inside an IC, which constitutes a unique fea- 
ture allowing increased device packing in MOS technologies. 
Besides, their ohmic losses render them exploitable as isolated 
devices, to implement quasi-linear resistors. Fig. 3(a) shows 
a top view of a typical passive resistor layout; resistance is 
directly proportional to the length of the strip and inversely 
proportional to its width. Other resistive layers available in 
standard CMOS n-well technology are well-diffusions and 
*Although floating BJT’s can also be implemented in CMOS by using 
lateral structures [24], [25] ,  they contain large parasitics and are not usually 
characterized by manufacturers, which renders their use somewhat risky for 
reliable IC manufacturing. 
31n analog circuit design, there are many examples of nonlinearity can- 
cellation in a pair of highly nonlinear components, for instance, in a current 
mirror [27]. 
4Conduction in an MOS transistor takes place in the substrate portion 
comprising the diffused implanted areas, behind the area where thin dioxide 
is thinner. This portion of length L and width W is called the channel [30], 
(311. 
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Fig. 2. (a) Three-dimensional view of a it-channel MOSFET. (b) Longitu- 
P+-diffusions. Smallest area occupations are provided by 
the well-diffusion at the cost of poor relative tolerances (- 
1-lo%), large capacitive coupling to the ~ubstrate ,~ and some 
voltage dependency. On the other hand, the best relative 
tolerances (- 0.1-1 %), smallest capacitive parasitics, and 
largest linearity are provided by polysilicon layer, at the price 
of large area occupancy (,- lo3 pm2 per KO, for typical 
layout in a 2-pm technology). However, in some advanced, 
analog-oriented technologies, these area figures can be reduced 
by about two orders of magnitude by using highly doped 
polysilicon layers. 
In standard CMOS technologies, thick oxide capacitors can 
be formed between interconnecting layers (made of A l )  and 
polysilicon layers, but area occupation is very large (- lo4 
/Am2 per pF), and the structure exhibits some nonlinearities 
because of lack of homogeneity in the silicon dioxide. Much 
smaller area occupation (- lo3 /Am2 per pF, in a typical 
2-pm technology) is possible by exploiting capacitive effects 
'Since the substrate is ac ground, this coupling slows transient response. 
Also, substrate noise coupling increases noise in the signal path and degrades 
circuit performance [ 3 2 ] .  
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Fig. 3. (a) Typical CMOS resistor layout. (b) CMOS capacitor conceptual 
section and parasitics. 
between gate and channel of an MOS transistor.6 However, 
the MOSFET gate terminal must be properly dc biased and the 
gate voltage must vary only slightly in ac to maintain small 
nonlinearity [33].  Alternatively, many analog-oriented CMOS 
technologies provide two polysilicon layers and the possibility 
to grow a homogeneous thin-oxide between them [26], [34]. 
These structures display reasonable area figures (- 2000 pm2 
per pF in a typical 2- j~m technology) and excellent linearity. 
All CMOS capacitors have good relative accuracy (as low as 
0.1%) and exhibit large, and in some cases highly nonlinear, 
parasitics capacitive coupling to the substrate. These parasitics 
may amount up to - 20% of the nominal capacitor, and are 
illustrated in Fig. 3(b). 
Let us now consider the primary CMOS active component, 
the MOSFET. It exhibits different operation, depending on 
current and voltage levels. Best matching properties (bear in 
mind that matching is a major issue for design techniques 
based upon component ratios) are obtained in strong inversion 
[27]-[29], for large enough values of VG, where maximum 
saturated current levels are much larger than PU,", and the 
current-voltage characteristics follow a polynomial law [3 I].' 
Still, two different regions are distinguished in strong inver- 
sion, which are described below by first-order approximative 
models [27], where, for convenience, we assume VD > Vs and 
the current polarity indicated in Fig. 2(a). Because of device 
symmetry, the other possibility (Vs > VD) is reduced to this 
by changing current polarity and the role of terminals S and D. 
(a )  Ohmic Region: For small values of VD and Vs: 
valid for 
VG - VTo 
- vs n VG > VT, + nVs VDS < V D S ~ ~ ~  
(1b) 
where V,, is a technological parameter (threshold voltage for 
zero substrate bias, Vs = 0) and 7~ depends slightly on Vs and 
ranges typically from 1.2 to 1.5. 
6The channel of a MOSFET accumulates charge when a voltage difference 
is created between gate and substrate-a capacitive effect. This voltage must 
be positive for NMOS and negative for PMOS. In any case, for a large 
enough drop, though under typical IC biasing conditions, charge accumulation 
is exponential so that the channel resembles a low-resistivity conducting layer, 
and, hence, the polyoxide-channel structure behaves as a linear capacitor [30], 
' 3  = kTI-/L where k is a technological parameter, - 50 p.4/IF2, and 
C; = I<T/q is the thermal voltage: IfC7 and L are the channel width and 
length, respectively. 
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(b)  Saturation Region: For small values of Vs and large 
values of VD: 
valid for VDS > V D S ~ ~ ~  under the constraint of VG given in 
(lb). 
Both operating regions (as well as those obtained in weak 
inversion [27], for I D  << PU,”) are exploited for circuit design. 
First, consider the ohmic region and assume that nonlinear 
terms may be neglected. In this case, the MOSFET emulates 
a linear resistor. Interestingly enough, this active resistor 
has much smaller area occupation than passive polysilicon 
resistors, and its resistance can be adjusted by geometry 
and VG. For instance, in a typical practical situation where 
VG - VT, - nVs = 1 V with WIL = 1, we get R N 20 kR, 
with an area occupation that can be as small as N 10 pm2. 
Obviously, this usage as a linear resistor is valid only providing 
that either VDS is small enough and/or some nonlinearity 
cancellation technique is used [35] .  
Now, consider the saturation region, and assume that (2) 
is expanded in a Taylor series around a bias point I D  = IQ,  
VG = VGQ, for Vs = 0 
AID = gm AVG + b2 AV2 ( 3 )  
where Qm = 2IQ/(vGQ - v, - nvs) = (2kWIQ/h)”’- 
electrically and geometrically adjustable. Assuming, as for the 
ohmic region, that the nonlinear term can be neglected, the 
MOSFET emulates a linear VCCS with adjustable transcon- 
ductance: a fully exploitable primitive for analog circuit de- 
sign. Since design techniques presented in this paper primarily 
exploit this MOSFET capability, it is convenient to identify 
dominant parasitics that degrade performance of emulated 
v c c s . 8  
First of all, performance is degraded because of nonlin- 
earities, represented by the quadratic term in (3 ) ,  as well as 
by dependence of parameter k on terminal voltages [36]. We 
will postpone discussing nonlinearities until Section 4.1. Two 
major linear parasitics can be identified: finite output resistance 
and limited bandwidth. The finite output resistance models 
change in output current because of changes in VDS; AID = 
R, AV,, and can be represented via an equivalent Early 
voltage, v ~ ,  so that R, = vA/IQ. Early voltage value 
increases with channel length, being N 50 V for L = 10 pm in 
typical 2-pm technologies. With respect to frequency response, 
limitations are due to parasitic capacitances; in particular, the 
input capacitance and feedfonvard capacitance between input 
and output terminals [37], [42]. A hybrid-r model representing 
most significant linear parasitics is shown in Fig. 4, with 
typical capacitance values for a 2-pm technology. A useful 
figure of merit to quantify MOSFET frequency limitations is 
the transition frequency [42], f T ,  the frequency at which the 
magnitude of the transistor current gain with short circuit load 
Some CMOS analog design techniques exploit MOSFET transconductance 
in the ohmic region. They are based on biasing the transistor to keep I and 
I-< fixed under small signal excitation. Thus, a quasi-linear relationship is 
achieved between I D  and I k;, and, hence, a VCCS is implemented [68]. 
Cia 0.6WL,fF 
c, = 0.02W.fF 
I I 
Fig. 4. Small-signal hybrid-7; MOSFET model. (Capacitor values are typical 
for a 2 p m  technology; all dimensions are in pms). 
drops to zero 
where we have neglected C, as compared to C;. Taking into 
account the y, dependency on bias, we calculate 
VGQ - VT, 2 ~ f ~  a - 
n 0.6L2 
This shows that the transition frequency increases with de- 
creasing channel length and, consequently, as technology 
evolves towards smaller feature sizes. It also shows that the 
transition frequency is an increasing function of (VGQ - 
VT,) and, consequently, IQ. For typical 3-pm 5 V CMOS 
technologies and assuming an upper-limit practical bias of 
(VGQ - VT,) = 2.25 V, the transition frequency is about 
1 GHz. 
Summarizing, design in CMOS standard VLSI technologies, 
for controlled sources as well as for passive element emulation, 
should preferably rely only on MOSFETS. For technologies 
including a second poly layer, Poly-SiO2-Poly capacitors 
are a better choice for increased linearity; the same occurs 
regarding the use of poly layers as resistors. Whichever 
structure is used, designers should confront the issues of 
reduced component spread, large absolute tolerances, and 
layout-dependent matching properties for component ratios. 
A more detailed account of CMOS component matching 
and scaling properties is available in [261, [281, 1291, 1341, 
[38]-[4 11. 
111. A STATE VARIABLE ARCHITECTURE 
FOR PWL DYNAMIC SYSTEM SYNTHESIS 
Let us consider CMOS design of the Chua’s circuit. A direct 
technique is active element emulation, using a VCCS-based 
gyrator for the inductor, and any MOSFET-based resistor 
configuration. A more systematic approach, valid for general 
PWL dynamic systems, whether associated with a RLC circuit 
structure or not, is to use a state-variable technique, focusing 
on the implementation of the system state equations. Consider, 
for instance, the system of equations representing dynamics of 
the Chua’s circuit [21]: 
dx 
dt  
7-x- = a [ y  - x - f(x)] 
dY . T - = x - y + z  
rz- = -Py 
d t  
dz 
d t  
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Fig. S. (a) Conceptual state-variable block diagram of the Chua's circuit. (b) 
Conceptual state-variable block diagram of PWL dynamic systems. (Scaling 
blocks have been suppressed in this latter diagram for clarity.) 
where f ( . r )  is given by 
(I - b 
2 
. f ( .~.)  = b.r + -{IS + El - 1.1. - El}  (Sb) 
and r,, ry, r2, C Y ,  p, a, b, and E are real parameters. These 
equations can be mapped on the conceptual state-variable 
block diagram of Fig. 5(a). Similarly, a general system with 
an N-dimensional state vector z = ( ~ 1 .  r2. . . . . .r,% ) T  and 
dynamics given by a set of first-order state equations 
where { T I .  r2. . . . . T Y } ,  p and r are vectors of real parameters, 
can be mapped on the block diagram of Fig. S(b). 
The state-variable approach is similar to that followed in 
classical analog c,-mputation [43] and reduces implementation 
of PWL dynamic systems to the realization of a number of 
mathematical operations: integration, .summation, signal scal- 
ing, and recti'cation. However, compared to circuit strategies 
used in these classical analog computers where operators 
are built around operational amplifiers in voltage mode [44], 
proper usage of CMOS primitives gives circuits where both 
voltage and current play a role, thus yielding much more 
compact realizations. 
Fig. 6. (a) Generalized Miller integrator concept. (b) Open-loop integrator 
concept. (c) Realization of the black box .t*, 
literature as GmC or OTA-C integrator [4S], this transforma- 
tion is made through a VCCS. On the other hand, for Fig. 6(a), 
two different approaches can be considered for implementation 
of the voltage-to-current transformation performed by the box 
labeled N .  Fig. 6(c) illustrates both alternatives. 
The first alternative in Fig. 6(c) uses a resistor, so that the 
scaling factor is the inverse of the associated resistance, II,] = 
RF'V,. Two possibilities still arise, depending on whether this 
resistor is passive or active. For technologies where a low- 
resistivity layer (like hypodopped polysilicon) is available, 
passive resistors provide good linearity with no excessive 
area penalty. For standard technologies, active resistors require 
much less area occupation at the cost of larger nonlinearity. 
An extended approach to implement active resistors is to 
use the ohmic region of a MOSFET, which defines the so- 
called MOSFET-C analog CMOS design technique [46]. As 
compared to passive resistors, whose resistance is determined 
only by geometry, in the MOSFET-C approach, integrator 
scaling factors are also determined by biasing: 
3.1. Integrator Concepts 
Integrators are key components of the state variable ap- 
proach. There is no unique, generally accepted manner to 
realize integrators using CMOS primitives. Fig. 6 shows two 
basic CMOS integrator concepts; Miller integrator (Fig. 6(a)) 
and open-loop integrator (Fig. 6(b)). Both concepts are based 
on driving a capacitor via voltage-controlled currents. Note 
that this enables concurrent implementation of the summation 
operator, exploiting KCL 
L 
R, = (8) kW(VG - v,, - 7LV.) 
and consequently can be electrically trimmed. The second 
alternative for Miller integrators is to substitute N in Fig. 
6(a) with a VCCS, so that scaling is made through transcon- 
ductances, as is true for the open loop integrator. 
To compare both integrator concepts on an unified basis, 
we limit ourselves to considering the case where N of Fig. 
6(a) is realized by using a VCCS. For convenience, Fig. 7(a) 
and 7(b) again depict the two GmC integrator concepts to be 
discussed. Most of the conclusions to be obtained for Fig. 7(a) 
apply to the case where N is a resistor as well. 
Ideally, Fig. 7(a) and (b) are lossless integrators with 
identical time constants 
where gm (the transconductance gain) is determined in the 
more general case by MOSFET geometry and biasing. For 
instance, if the VCCS is implemented by a single transistor 
.yln = ( Z ~ ~ C ~ / T L ) ' / * .  See footnote 7 for definition of /I. 
For both integrator concepts, the scaling operator is imple- 
mented through the voltage-to-current transformation used to 
drive the capacitor. In the case of Fig. 6(b), also known in 
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Fig. 7. GmC integrator concepts and paraaitics. (a) Miller integrator. (b) 
Open-loop integrator. (c) Capacitor parasitics. (d) VCCS macromodel. 
However, both integrators handle parasitics quite differ- 
ently. First, consider parasitics associated with the capacitor, 
consisting of two additional capacitors (bottom plate and 
top plate), as depicted in Fig. 7(c). Note that one of the 
capacitor terminals at each integrator schematic is connected 
to a low-impedance point (a point where voltage changes 
only slightly for large current ranges). Consequently, they 
can both be made insensitive to Cg,  connecting the capacitor 
bottom plate to the corresponding low-impedance point. On 
the contrary. the open-loop integrator of Fig. 7(b) cannot 
be made insensitive to the top plate parasitics, CT, while 
its influence is attenuated by a factor i l 0  (A,, is the opamp 
dc gain) for Fig. 7(a), due to the Miller effect. Hence, the 
Miller integrator exhibits superior performance regarding the 
influence of CMOS capacitor parasitics. 
Now consider the VCCS macromodel of Fig. 7(d), rep- 
resenting some more significant small-signal parasitics that 
degrade performance of CMOS transconductors, from dc up 
to tens of MHz [47]; namely, output resistance (R,), termi- 
nal capacitances (C,. CO) ,  and limited transconductance-gain 
bandwidth,' represented by: 
Further assume that the opamp of Fig. :(a) is a low-output 
impedance, internally compensated device whose open-loop 
gain can be properly modeled by a single pole model [44]: 
(1 1) 
Assuming that the poles of Fig. 7(a) are separate enough 
and that w,, >> G,/C, the following general expression for 
the integrator transfer function can be obtained: 
Aow, - WO, A ( s )  = ~ - -. 
s + w, s + w, 
9 - 
(12) - F1 P I  ~ - 
STt, ( l + q ( l + ; ) ( l + ; )  P1 
where the minus sign applies for Fig. 7(a), and 6,. p l ,  p2 ,  
and p 3  are given in Table I for each integrator structure. We 
'This model is oversimplified. A higher-frequency model includes more 
poles inside G,,, ( . s )  and a frequency-dependent input capacitor. 
TABLE I 
TIME COXSTANT ERROR AND PARASITIC POLES FOR GMC IXTECRATORS 
see that each structure displays magnitude and phase errors as 
compared to the ideal integrator transfer function for both low 
(w < p 1 )  and high frequencies (w > (IQ. p : j ) ) .  In addition, 
both structures exhibit magnitude errors in the pass-band for 
p l  << w << ( p 2 .  p 3 ) ,  which can be assimilated to deviations 
in the equivalent integrator time constant, via parameter c,. 
However, note that these latter errors are smaller by a factor 
around A. for the Miller structure-a positive consequence 
of feedback. Similarly, low-frequency error, or, equivalently, 
losses, are also much smaller for the Miller structure; losses 
are proportional to the VCCS output resistance (R,) for the 
open-loop integrator, while they are attenuated by - A0 for 
the other. On the contrary, high-frequency errors are larger for 
the Miller integrator. The open-loop integrator has only a high- 
frequency pole, at wg, while the Miller integrator has two, at 
wg and 113 = w,,C/(C+ CO + CT).  Also, as a consequence of 
the internal compensation used for the opamp, and assuming 
that the opamp and the VCCS are optimized, it  is likely that 
wg >> w,,, inferring poorer frequency response for the Miller 
integrator than for the open-loop integrator. 
Summarizing, previous analysis shows that the open-loop 
integrator is preferable for high-frequency applications, though 
requiring predistortion to compensate for time constant errors. 
On the contrary, the Miller integrator is more appropriate for 
low- and medium-frequency ranges, requiring no predistortion. 
However, note that degradation of frequency response in the 
Miller structure is mainly a consequence of using internally 
compensated, general purpose opamps. High-frequency ad- 
vantages of the open-loop structure are not so evident if 
simpler, custom opamps without internal compensation are 
used [48]. In addition, frequency response of Miller structure 
may perhaps be enhanced by ingenious exploitation of active 
compensation techniques [49] to properly shape the integrator 
high-frequency response, and thus combine the features of 
accuracy, small losses, and large-frequency bandwidth in a 
single structure. 
3.2. On the Synthesis of PWL Functions 
Besides weighted summatorshntegrators, the other building 
block for the state variable synthesis architecture is PWL 
function generation. A very convenient approach to synthesize 
PWL characteristics is to decompose them into a summation 
of simpler functions, preferably exploiting intrinsic MOSFET 
nonlinearities. For instance, Fig. 8 shows suitable decom- 
position for the Chua's diode nonlinearity, which enables 
implementing this element by exploiting saturation character- 
istics of an actual MOSFET VCCS, as shown in Section V and 
as used for the monolithic Chua's circuit prototype presented 
in Section VI. Circuit strategies are discussed in further detail 
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Fig. 8. Chua's diode 
I 
Fig. 
decomposition. 
(c) (d) 
Fig. 9. Elementary functions for PWL synthesis. (a) Concave function. (b) 
Convex function. (c) PWL radial basis function. (d) Absolute value function. 
in Section V. Here we present systematic approaches for PWL 
function decomposition and identify a number of elementary 
functions supporting PWL function synthesis. 
Let us first consider undimensional functions. A first 
methodology relates to the extension operator concept [S4, 551, 
based on the following expression: 
f ( r )  = Ax + B + c M l u p ( z  - E l )  
N 
3=1 
-1 
+ M J v , ( z - E 3 )  (13a) 
3=-1Vn 
where the functions up(.) and U,(.) are defined as 
x > EJ 
otherwise up(% - E j )  = 
depicted in Fig. 9(a) and (b), and where parameters E3 
represent breakpoints, and parameters A,  B, and Mj can be 
easily calculated from the original function by inspection. 
Another systematic decomposition technique for PWL func- 
tions uses radial base functions [56] 
N - l  
f(.) = Cf(E,)P(z, E31 (14) 
j = 1  
(a) (b) 
IO. Basic GmC quasi-linear building blocks. (a) Differential 
(b) Current mirror. 
pair. 
Unlike the extension operator technique, decomposition by 
base functions is unique and hence more systematic. In ad- 
dition, since each interpolation data, f (E , ) ,  influences only 
one term in (14), it is more appealing for programmable 
implementations over predefined partitions ( E3 fixed). 
Consider now multidimensional PWL functions. Assume 
the global PWL multidimensional canonical representation 
introduced by Kang and Chua [S7] to alleviate the mass storage 
problem of conventional PWL representations: 
N 
~ J X )  = A~X+B+CC~ID:~-E, I ,  1 I i I N .  (15) 
3=1 
According to (15), multidimensional PWL function synthesis 
requires only absolute value operators, depicted in Fig. 9(d). 
IV. CMOS GMC LINEAR BUILDING BLOCKS 
Integrator outputs in the state variable architecture are in 
the form of voltages. We must be able to transform these 
voltages into currents, weigh these currents, and root them 
to different nodes into the architecture. These operations 
require implementing VCCS's and CCCS's. Fig. 10 shows 
elementary CMOS blocks to implement them; respectively, 
differential ampl$er (Fig. I O(a)) and current mirror (Fig. 
10(b)) [SO]-[52]. The function performed by these blocks is 
displayed along with these figures and discussed in further 
detail in Section 4.1. 
4.1. The Differential AmpliJer 
Assume that both transistors in Fig. 10(a) are identical, per- 
fectly matched, and operating in a strong-inversion saturation 
region. Analysis using the square-law model of ( 2 )  yields the 
following global voltage-to-current characteristics: 
where V ,  
Taylor expansion around V ,  = 0; and 
V,, - V , 2 ,  I ,  = I,1 - 1 0 2 ;  the top expression is a 
l - = J T m I Q  2n L 
where f ( E j )  denotes the function value (interpolation data) 
at breakpoint Ej,  and the base functions y ( z ,  E j )  have the 
generic shape represented in Fig. 9(c), which involves two 
adjacent intervals of the PWL function domain partition. 
Fig. l l (a)  shows a first-order approximation to (16a), for 
y = o(.) = 0. Note  at the transconductance gain of this 
model, g L  is different from gm in (16)-a consequence of the 
fact that IQ # g,F. However, this representation is a graphic 
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(a) (b) 
Fig. I 1. PWL approximations to differential transconductance amplifier 
characteristics. (a) First-order approximation. (b) Second-order approximation. 
display of the behavior of Fig. 10(a) as a quasi-linear VCCS, 
showing saturation characteristics centered around the origin, 
and no offset component. This latter feature is an appealing 
consequence of symmetry, which yields offset cancellation'" 
-impossible to achieve with the simplest single-MOSFET 
VCCS (see (3)). 
In practice, the o( . )  terms in (16a) are negligible, meaning 
that deviations from the linear behavior are dominated by 
an odd nonlinearity, and consequently, neither even-order 
harmonics nor dynamic offset term will appear under ac 
excitation. It is illustrative to compare nonlinearities of the 
differential amplifier with those of a single MOSFET in 
case both operate as a VCCS. Note first that nonlinearity of 
the single transistor VCCS is even (see (3)), an important 
drawback as compared to the differential amplifier VCCS. 
Further comparison between both VCCS's requires calculating 
the maximum incremental input voltage under which deviation 
from linearity remains below a specific boundary 
where AI, and AV, denote increments around the quiescent 
point (for differential amplifier I,Q = Vi, = 0). Analysis 
gives the following: 
(1 7b) 
2 t F  for unilateral amplifier 
2&F for differential amplifier 
where F is given in (16b). Since, for small linearity deviations, 
it must be t << 1, (17b) shows that linear range is much 
larger for the differential than for the single-MOSFET VCCS. 
For instance, the improvement is about one order of magni- 
tude if maximum allowed deviation is 1%-a very common 
specification for GmC circuits. 
Fig. 1 I(b) shows a second-order PWL model for the differ- 
ential pair transfer characteristics. This model displays a quasi- 
linear interval, for I V ,  I < 6, and two transition regions towards 
saturation, for S < I V ,  I 5 F .  Interestingly enough, (1 6b) and 
(17b) show that the quasi-linear interval amplitude, 6, and the 
transconductance gain, ,y7,t, can be separately controlled by 
geometry (WIL) and biasing ( I Q ) ;  all designs fulfilling that 
IQ WIL remains constant have equal transconductance gain, 
while their linearity range can be increased by increasing IQ 
or by decreasing WIL. However, this increases V ~ S  Sat (see 
(1  b)) of the transistors at the quiescent point and careful design 
"=( 
"However, practical realization of this structure may exhibit offset due to 
random transistor mismatches 1281, 1291. 
is needed to guarantee that transistors do not enter the ohmic 
region. 
Together with issues related to transconductance gain and 
linearity ranges, differential amplifier design must confront 
mismatches and ac parasitics -as well. Mismatches are mainly 
due to statistical variations of parameters k and V,, for both 
transistors in the differential pair. These variations appear even 
though both transistors are laid out with identical shape and 
orientation, and these increase proportionally with the distance 
between the physical devices and inversely to the channel are 
(WL)  V81, Wl. 
A major consequence of mismatch is that circuit symmetry 
is destroyed, and consequently an offset term appears: 
where AV,, and A k l k  denote threshold and transconductance 
mismatch. There is no way to attenuate the influence of 
threshold voltage mismatch by design; it can be reduced only 
by layout, using large area devices with minimum distance 
between them. On the contrary, the influence of k-mismatch 
can also be reduced by design, by making IQLIW decrease. 
However, this compromises linearity and, consequently, forces 
the solution of design tradeoffs. 
Regarding ac parasitics of the differential pair, the most 
dominant ones are represented in the model of Fig. 12(a), 
where we have implicitly assumed that the differential am- 
plifier is symmetrically loaded via two identical frequency- 
dependent admittances YL (s). Frequency-dependent transcon- 
ductance and input admittance of this model are respectively 
given by the following equation: 
2)  
z 
with C,, CO, and R, being approximately as given in Fig. 4 
and z = ,y7n/C,. Two conclusions can be reached from previ- 
ous equations: 1) Input impedance and frequency-dependence 
of the transconductance gain are determined by the transistor 
feedforward capacitor, C,. Since C, is proportional to W 
of the transistor, both parasitics are decreased by decreasing 
W .  2) The influence of C, on the input admittance is largely 
amplified by the Miller effect, resulting in increased net input 
capacitance for low frequencies as well as dependence of 
the equivalent input capacitance on frequency. The loading 
effects of this large, frequency-dependent capacitance on the 
stages driving the differential amplifier introduce errors in 
GmC integrator operation and hence are important in proper 
design considerations. 
4.2. The Current Mirror 
Obtaining the left-hand side of (16a) requires that current 
Io2 be weighted with factor -1 and rooted to the same node 
as I,1; thus, addition is achieved by KCL. The weighting and 
routing of individual current components is common practice 
in GmC systems, making it necessary to implement CCCSs. 
This is the basic function performed by Fig. 10(b). 
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Fig. 12. (a) ac differential amplifier macromodel. (b) ac current mirror 
macromodel. 
- - - 
(c) (d) 
Fig. 13. Current mirror applications. (a) Scaled replication. (b) Bilateral 
signal weighting by bias shifting. (c) Bilateral signal weighting by comple- 
mentary devices. (d) Current reversing. 
Operation of the current mirror relies on functional nonlin- 
earity cancellation between input and output transistors M I  and 
M2. Assume that these devices have different geometry factors, 
are matched (in the sense of having identical technological pa- 
rameters, k ,  ri, and &-,)," and that input and output terminals 
are equipotential. Then it can be seen that nonlinearity in the 
output transformation I ,  = f ( X )  cancels out that arising in 
the input transformation, V,  = f P 1 ( I L ) ,  thus yielding a linear, 
linearly scaled I ,  - I, relationship: 
where S, E ( W / L ) j ,  j = 1. 2. The basic mirror concept 
is easily extended to multiple current outputs, as Fig. 13(a) 
illustrates. Since fanout of a current source is strictly unity, 
this replication capability is needed to allow several nodes 
be excited by a common current. On the other hand, the 
fact that the different current output replicas can be scaled 
independently provides extra adjusting capability for GmC 
state variable design. 
Figs. 10(b) and 13(a) operate properly only for positive input 
currents. Negative currents flowing into the input terminal of 
the mirror, Ii < 0, drive the input voltage, V,, below the 
MOS threshold voltage V,,, and, hence, the input and output 
devices are cut off, yielding zero output current. Because of 
this inherent rectification, the scaled replication implemented 
" For better matching, both devices should have equal channel length and 
should be split into a parallel connection of several devices of identical size 
and shape. 
by Fig. 13(a) is unilateral. For bilateral operation, current- 
shifted biasing at the input and output nodes or p-channel 
MOSFETs must be used, as shown in Fig. 13(b) and 13(c). 
On the other hand, note that bilateral current amplifiers of Fig. 
13(b) and 13(c) are the inverting type (direction flow for output 
current differs from that for input current): Only negative 
scale factors are implemented. Noninverting amplification (i.e., 
positive scale factors) are achieved by cascading two bilateral 
mirrors, as shown in Fig. 13(d). 
Current mirror behavior is degraded by random and sys- 
tematic error sources. Systematic errors are mainly due to 
finite transistor Early voltages 1621. On one hand, this produces 
current offset in case mirror input and output terminals are not 
equipotential-a dc problem whose solution requires proper 
biasing. On the other hand, finite Early voltages cause the 
mirror output resistance not to be infinite as expected for an 
ideal current source. Another source of systematic ac current 
mirror errors is finite input resistance. Fig. 12(b) depicts an 
approximate ac model for current mirrors, including input and 
output resistances and capacitances whose approximate values 
for Fig. 10(b) are given by the following: 
C, a O.C;(WIL1 + W2L2): C, a 3W2 (21) 
where V 4  is the transistor Early voltage and SI = W1/&. 
Since 1{4 increases with channel length, the mirror output and 
input resistances can both be improved by adjusting transistor 
sizes, though compromising mirror area and, consequently, 
parasitic capacitances. 
As for differential amplifiers, random transistor mismatches 
also degrade current mirror operation, causing errors in the 
current gain. For unity-gain mirror, this current gain error is 
given by the following equation: 
from which we can infer approaches for reduction. 
4.3. Advanced Linear Building Blocks and Circuit Strategies 
Transistor dimensioning itself does not guarantee optimum 
values for all specifications involved in the design of the ele- 
mentary circuit structures of Fig. 10. For instance, linearity of 
the differential amplifier can be enhanced by increasing L / W ,  
but this deteriorates transconductance gain and random offset. 
Similarly, output resistance of Fig. 10(b) can be increased 
by increasing L,  thus making the input resistance increase as 
well and deteriorating mirror reactive behavior. This section 
reviews most common circuit strategies to increase linearity 
of differential pairs and to enhance input and output resistance 
of current mirrors. We present as well some common mirror- 
to-amplifier interconnection strategies to obtain VCCS's with 
unilateral output current. 
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(a) (b) 
Fig. 14. (a) Concept of linearized ohmic tranxonductors. (b )  Concept 
of degenerated differential pair. 
4.3.1) On Linearization Techniqurs ,for Diflerential Ampli- 
j ers :  Linearization of CMOS differential transconductor char- 
acteristics has drawn strong attention in analog circuit design 
literature [5  11-[53], [65]-[76]. The basic objective is to obtain 
circuit structures whose linearity range is, by construction, 
larger than that obtained for the simple differential amplifier of 
Fig. 10(a). Following the classification scheme in [66], three 
major approaches can be identified: 
1) Ohmic transconductors [68]-[7 11 
2) degenerated differential pairs [721, 1731 
3) square-law transconductors 1741-[77]. 
Ohmic transconductors exploit MOSFET operation in ohmic 
region and are well suited for high-frequency operation. Fig. 
14(a) illustrates the principle. Assuming that both transistors 
are perfectly matched and that VDSI = V D S ~  VDS < 
V D S ~ ~ ~  (see ( I ) ) ,  i t  follows that 
perfectly linear voltage-to-current transfer characteristics 
whose transconductance gain can be electrically trimmed 
via VDS. Actual implementation of this concept differs in 
the approach used to maintain drain terminals equipotential, 
independent of the differential input voltage. A major source of 
nonlinearity for all of them is due to dependence of parameter 
k on terminal voltages [36]. 
Fig. 14(b) illustrates the principle of degenerated differential 
pairs, which achieve large linearity at the cost of large area 
occupation and small transconductance gain values. The circuit 
exploits feedback to maintain KGS of the transistors practically 
constant for large differential input voltage variations. Proper 
operation requires that sufficiently large feedback is applied, 
which infers fulfilling .q:,,R >> 1, where gill denotes the 
transistor transconductance gain. Consequently, i t  obtains the 
following: 
which shows that the external transconductance gain is de- 
termined by the feedback resistor. An excellent comparative 
review of different degenerated differential pair implementa- 
tions can be found in [73]. 
The last group of linearized transconductors include struc- 
tures that obtain linear operation by algebraic combination of 
square-law functions, for instance, the following: 
(25)  
These structures hence exploit transfer characteristics of MOS- 
FETs operating in strong inversion inside saturation. A great 
(a + b y  - ( a  - 1,)' = 4ub. 
9tTQT$P SI vs 
s4 
+ - IQY 
(c) (d) 
Fig. 15. Illustrative square-law MOS transconductors. (a) Cross-coupling 
1741. (b) Adaptive biasing [75].  (c) Class AB [76]. (d) Voltage shifting [77]. 
(a) (b) (c) 
Fig. 16. Improved current mirrors. (a) Active. (b) Cascade. (c) Regulated 
cascoded. 
number of structures that follow this general principle have 
been reported in literature [65], 1671, 174-771. Fig. 15 shows 
examples of some of them. As for ohmic region transconduc- 
tors, a main limitation of these structures is the dependence 
of parameter k on terminal voltages [36], which produces 
deviation from the ideal square-law operation. 
4.3.2) Improved MOS Current Mirrors: Fig. 16 shows three 
improved mirror structures. Fig. 16(a) employs feedback to 
keep input and output equipotential, thus reducing DC errors in 
the mirror operation 1631. Furthermore, since feedback causes 
the input and output voltages to remain practically fixed, the 
mirror input and output resistances improve proportionally to 
the amount of feedback applied. Fig. 16(b) and 16(c) display 
altemative improved current mirror structures using cascode 
transistors. They are aimed to keep drain voltage of transistor 
M2 fixed, thus increasing R,. In Fig. 16(b), it is achieved 
through the cascode transistor A&, exploiting the fact that 
its source voltage follows the cascode biasing voltage 
For Fig. 16(c), the cascode action is further reinforced by 
feedback [@I. Any of the mirror structures in Fig. 16 enables 
increasing R,/& several orders of magnitude as compared to 
the simple mirror of Fig. 10(b), and requiring no large channel 
areas. 
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Fig. 17. (a) Simple transconductance amplifier. (b) Symmetric load transcon- 
ductance amplifier. (c) Symbol. (d)  Folded cascode structure. (e) Multiple 
inputs transconductance amplifier. 
4.4. Circuit Strategies for  Unilateral Output Transconductors 
For Fig. 10(a), as for most linearized transconductor struc- 
tures, the linearized output variable is obtained as a difference 
of two currents. There are many ways to connect a differential 
transconductor and current mirrors to obtain the difference of 
amplifier output currents rooted to a single output node. Fig. 
17 illustrates some structures used in common practice. We 
refer to the resulting block as a transconductance ampli$er and 
use the symbol of Fig. 17(c) to represent it. This is the basic 
building block for the scaling operation required in the state 
variable architecture. Note that its associated transconductance 
gain parameter y, can be controlled by biasing ( I Q )  as well 
as by adjusting sizes of amplifier and mirror transistors. 
The simplest circuits of Fig. 17(a) and (b) have some 
drawbacks for accurate applications, especially when used 
in open-loop integrators. Apart from their reduced linearity, 
which can be enhanced by using linearized transconductors, 
they both have low output resistance, because of finite 
transistor Early voltage. In addition, they cannot simultane- 
ously achieve low systematic offset and large output voltage 
ranges, because of inherent lack of symmetry between mirror 
inputs and outputs. A solution to these Early-voltage-related 
drawbacks is to use some improved current mirror structure. 
Another possibility is to use a folded-cascode structure, such 
as that represented in Fig. 17(d) for the simplest transconductor 
case. Interestingly enough, since nodes A and B of Fig. 17(d) 
remain practically unchanged because of the cascode action 
performed by transistors biased by V B ~ ,  this structure is well 
suited for extension to multiple inputs, as Fig. 17(e) illustrates. 
Further improvements for this multiple input case can be 
achieved by applying local feedback around the A and B 
terminals, similar to what is done for the mirror of Fig. 16(a). 
Fig. 18. Chua's 
+ 
X 
w 
diode implementation using taturated transconductance 
amplifier. 
V. PWL GmC CMOS BUILDING BLOCKS 
5.1. Exploitation of Global Differential 
Amplijer Characteristics 
The global transfer characteristics of differential amplifiers 
can be exploited for approximate PWL synthesis. An example 
of this possibility corresponds to the Chua's diode decompo- 
sition illustrated in Fig. 8. It can be implemented by using 
the circuit of Fig. 18, consisting of two transconductance 
amplifiers connected in parallel with transconductance gains 
y, a a - b and Qb a b. The former must be designed to 
saturate at V,  = *E:  
while the latter must be designed to handle the largest possible 
input voltage range linearly 
where E B B  denotes power supply voltage. (We assume sym- 
metrical supplies at *EBB.) 
Many different symmetric PWL characteristics can be ap- 
proximately implemented by using a similar approach in ad 
hoc manner. However, systematic function generation based 
on global differential amplifier characteristics is also possible, 
using the approach of radial basis functions and the basic 
building block of Fig. 19(a), simil,arly to the techniques used 
in [58], 1591. Assume that both differential amplifiers in 
this figure are identical, that their characteristics are repre- 
sented by the first-order model of Fig. 1 l(a), and that A 
of Fig. 17(a) equals 2F of Fig. Il(a). It can be seen that 
the transfer characteristics of the circuit are as shown in 
Fig. 17(b)-a PWL radial basis function with interpolation 
data IQ. Consequently, this block can be used to support 
systematic quasi-PWL synthesis,12 based on the decomposition 
given in (14). Significant design issues for this approach 
are mismatch and the handling of large common-mode input 
voltages. Mismatch originates offsets and, hence, errors at the 
interpolation points. On the other hand, large common-mode 
voltages cause transistors to enter in ohmic region, producing 
distortion in the transconductance gain. 
"Functions obtained by Fig. 19(a) are softer than PWL because of differ- 
ential amplifier nonlinearities. However, they are still radial basis functions, 
and the concept of data interpolation remains valid. 
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(a) (b) 
Fig. 19. (a) Radial basis function implementation via parallel connected 
differential pairs. (b) First-order transfer characteristic. 
Fig. 20. GmC PWL generation by current shaping 
1.R 9 
t negative li 
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7 
(a) (b) 
switching. 
22. (a) CMOS current switch. (b) Current rectification via current 
A ,IFWr 
I 
0 
Fig. 23. Full-wave current rectification and linear base function implemen- 
tation with positive interpolation data via a current switch rectifier. 
Fig. 21. Current rectification via current mirror cutoff. Fig, 24. Conceptual GmC Chua’s circuit. 
5.2. GmC PWL Generation by Current Shaping 
Another approach for GmC PWL function generation con- 
sists of generating the nonlinear function in current domain 
and using a front-end quasi-linear transconductance amplifier 
[60]. Fig. 20 illustrates this concept. 
Let us focus on the current-mode PWL block. It can be 
approached in a systematic way by using either an extension 
operator (see (1 3)) or radial basis functions. The functions 
up( . )  and U,,(.) required for an extension operator can be 
implemented by exploiting inherent mirror rectification as 
illustrated in Fig. 21. The upper mirror of Fig. 21(a) becomes 
cutoff for input currents above -In, yielding I,,, = 0. Other- 
wise, the net current entering the input device is scaled at the 
output, yielding I,, = P(Iz + In). The characteristics of Fig. 
2 1 (b) are implemented in this manner. Similar considerations 
for the bottom mirror of Fig. 21(a) lead to the characteristics 
of Fig. 21(c). 
In Fig. 21(a), the current source to the mirror input devices 
in the cutoff region produces an accumulation of charge at 
this node, which may lower the operation speed because this 
extra charge must be removed when any of the mirrors start 
conducting again. A current switch, shown in Fig. 22(a), can 
be used for increased current rectification speed [65].  The 
operation principle is very simple: Any positive input current 
increases the input voltage, turning the bottom device ON. Since 
both devices have the same gate voltage, the top device turns 
OFF. Likewise, the input voltage decreases for negative input 
currents, so that the top device turns ON and the bottom tums 
OFF. In sum, positive input currents are drawn to the bottom 
device, while negative currents are drawn to the top device. 
Fig. 22(b) shows a schematic to implement the PWL ex- 
tension operator functions using a current switch. Because of 
the intrinsic class AB operation, this structure allows greater 
operation speed than Fig. 21(a). The current switch rectifier 
also provides a simple, natural way to implement PWL radial 
basis functions and the absolute value operator required for 
canonical PWL multidimensional functions. Corresponding 
generic schematics are shown in Fig. 23. Output current 
IFWR constitutes the shifted full-wave rectification of the input 
current It, while ILBF corresponds to a base function for 
positive interpolation data. Slopes of the base function are 
given by current mirror gains, while the position and height 
of the breakpoint are provided by the dc biasing currents 
IDFT and IREF,  respectively. Negative interpolation data are 
realized by interchanging the functions of up and bottom 
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Fig. 25. Ideal pole positions as function of the control parameter f. 
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Fig. 26. Paramaterircd curves \bowing the deviations from the ideal behavior when the finite output resistance of the intcgrators are considered 
transistors in Fig. 23. Due to the integration performed at the 
input of the current switch. very high resolution and virtually 
zero current offset are obtained, without relying on precise 
device matching. 
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(h) 
the GmC Chua’s circuit. (b) CMOS Chua’s diode. 
Fig. 27. (a) CMOS schematics for the transconductance amplifif 
VI. A 2.4-pm CMOS CHUA’S CIRCUIT PROTOTYPE 
The use of the state-variable methodologv and open- 
:rs in 
.loop 
I_ 
integrator concepts enables mapping (4) into Fig. 24, consist- 
ing of three capacitors, four transconductance amplifiers, and 
a nonlinear resistor. As explained in Section 5.1, this latter 
block can be implemented by using the schematic in Fig. 18. 
Prior to assessing the design of a monolithic prototype at a 
geometric level, it is important to analyze the effect of the 
block nonidealities, since it may lead to fundamental limits of 
the proposed techniques that must be considered for correct 
performance. 
6.1. Effect of Nonidealities 
We have intensely analyzed Fig. 24, taking into account 
both the linear and nonlinear dominant transconductor large- 
signal nonlinearities, modeling them at the behavioral level, 
and trying to assess their influence on the operation of the 
system of equations. These analyses show that the system 
tolerates transconductor large-signal nonlinearities very well; 
thus, simple transconductor topologies can be used. Concem- 
ing the influence of small-signal parasitics, we have studied 
displacements of the natural frequencies at the equilibria 
that are due to transconductor finite output resistance and 
transconductance gain internal pole. This analysis is crucial, 
since these eigenvalues determine the system dynamics. 
Fig. 28. Microphotograph of the CMOS prototype. 
Fig. 29. Experimental family of characteristic curves for the nonlinear 
resistor. 
The following nominal parameter values have been chosen 
for both analysis and implementation purposes: 
with all the time constants equal, rz = T , ~  = r, = C/y,,, 
and a nominal C/!I,,~ of l/i,s. This set of parameter values 
corresponds to the well-known double-scroll [21] attractor. 
However, the double-scroll is not an isolated circumstance 
in the Chua’s circuit operation, but rather the final step in a 
typical period-doubling sequence toward chaos. Assume that 
[j is chosen as the bifurcation sequence control parameter and 
is controllable via current source I,7 in Fig. 24. Calculating 
the exact range of [j values where bifurcation sequence takes 
place is a difficult task, even for the ideal equation. Instead, 
following the simple technique proposed in [22], we calculate 
an extended range that guarantees the existence of bifurcation 
phenomena. In the ideal case where all transconductance 
amplifiers have infinite output resistance and no phase error 
in the transconductance gain, such range is between [j = 9 
and 25. 
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Fig. 30. Measured attractors. Scales are indicated in the pictures where Chl refers to the vertical axis and Ch2 refers to the horizontal axis. (a) and (d) are 
projections onto the ( I . .  (1) plane. (b )  and (e) are projections onto the ( . r .  z )  plane. (c) and (f) are projections onto the ( y .  2 )  plane. 
Taking into account the fact that nonlinearity of the Chua’s 
circuit is odd-symmetric, only two sets of natural frequencies 
must be considered: 
Inner Region: 
I ) l p  = y p  
PL,’. I )  3p = ‘ T p  * up. (28b) 
Fig. 25 \bows the evolution of the natural frequencies 
(assuming ideal transconductance amplifier\) as a function of 
the control parameter N .  We aim to evaluate displacements 
of these natural frequencies when integrator nonidealities are 
considered. Let us first analyze the effect of the transcon- 
ductance amplifier finite dc gain (equivalently, finite output 
resistance). Assume all transconductors have equal output 
resistance. The set of graphics in Fig. 26 display percentage 
errors in the locations of the natural frequency as compared 
to the ideal case (infinite output resistance). Three different 
values of the dc gain are considered: 5 ,  25, and 45 dB. 
Note that the most critical parameter is cp (Fig. 26(d)) 
and that errors may be larger than 100% for small output 
resistance. 
Sensitivity analyses show that to maintain g p  deviation 
below 1%, the transconductance amplifier dc gain must be 
larger than 56.7 dB, which is easily achievable with improved 
transconductor topologies like that in Fig. 17(d). Smaller 
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values also significantly reduce the bifurcation range for p 
parameter. 
Similar analysis has been done to assess the influence of 
the integrator nondominant poles, modeling them according 
to (19). Again, the most critical parameter is ap. To main- 
tain deviations in this parameter lower then I%, the excess 
phase must be lower than 0.1”. However, unlike finite output 
resistance, the bifurcation range does not decrease because of 
transconductance gain phase lag; on the contrary, it increases 
slightly. Thus, the attractor is not destroyed because of the 
influence of nondominant poles; only the qualitative behavior 
of the attractor is altered. 
6.2. Design and Layout 
Fig. 27(a) shows the schematics used for the transconductor 
amplifiers, and Fig. 27(b) corresponds to the nonlinear resistor. 
Note that the latter has been simplified with respect to the 
concept shown in Fig. 18, making both differential pairs share 
the same output stage, which yields higher output resistance. 
Unity gain current mirrors were chosen to simplify design. 
Bias currents, as well as transistor widths, were calculated 
by using a proprietary analog cell optimization tool [78] 
according to the system requirements. We included equations 
for the dispersion of the random technological parameters, 
according to the formulation in [28], [29], and used them to 
minimize offset during the optimization process. Fig. 28 shows 
a microphotograph of the fabricated prototype with an area of 
0.35 mm2. Total power consumption was 1.6 mW for k2.S-V 
biasing. 
Fig. 29 shows a family of characteristics curves for the 
nonlinear resistor, measured for different values of I,. Offset 
for these characteristics was 3 mV. The outer pieces corre- 
spond to voltage saturation of the current mirrors and are 
not exploited for the circuit operation, since they have little 
influence on the shape of the attractor. Fig. 30 shows a gallery 
of views of different attractors obtained from the prototype. 
Fig. 30 (a)-(c) constitute the projections onto the coordinate 
planes of the well-known Chua’s double scroll. However, note 
that the double scroll shows one lobe denser than the other. 
This asymmetry is due to both the difference in magnitude 
of the breakpoints and the deviations on the outer slopes of 
the Chua’s diode characteristic, which imply differences in the 
natural frequencies of the global circuit. However, this does 
not modify the qualitative behavior of the attractor; rather, 
it confirms the tolerance of the Chua’s diode characteristic 
to deviations from the ideal piecewise-linear model. Fig. 30 
(d)-(f) show the measured attractor from the same prototype 
for an increased value of Ia,  which implies greater deviations 
on the outer slopes. Note that the left lobe in Fig. 30(d) changes 
with respect to the double-scroll attractor (Fig. 30(a)) in the 
sense that the trajectory diverges to the other scroll via a 
spiral. 
VII. CONCLUSIONS 
Summarizing, this paper has presented a systematic ap- 
proach for CMOS design of PWL dynamic systems using state 
variable techniques. We have surveyed most significant circuit- 
level issues for GmC design technique, with the exception of 
time constant tuning. For this very important issue, the reader 
is referred to [S3], [79]-[81]. We have also presented the first 
reported monolithic implementation of an intentionally chaotic 
continuous-time circuit, inspired by the Chua’s circuit. Taking 
into account recent developments in nonlinear signal pro- 
cessing and neural computation, monolithic chaotic circuits, 
like those designed following techniques reported here, may 
become basic building blocks for future VLSI communication 
and advanced computational systems. 
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